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Lower and upper bounds on nonunital qubit channel capacities
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Classical capacity of unital qubit channels is well known, whereas that of nonunital qubit channels
is not. We find lower and upper bounds on classical capacity of nonunital qubit channels by using
a recently developed decomposition technique relating nonunital and unital positive qubit maps.
I. INTRODUCTION
Transmission of classical information through quantum
channels is considered in a series of papers [1–8] and re-
views [9–12]. In brief, if a real number R is an achievable
rate of information transmission, then n qubits effectively
allow one to transmit 2nR classical messages. The encoder
assigns an n-qubit density operator ̺
(n)
i to each message
i. The n-qubit density operator is a positive semidefi-
nite operator with unit trace, which acts on a 2n dimen-
sional Hilbert space H2n . In the process of information
transmission, each qubit is transmitted through a quan-
tum channel Φ, which is a completely positive and trace
preserving map. Therefore, the output state of n qubits
reads Φ⊗n[̺
(n)
i ]. The decoder represents the measurement
device described by a positive operator-valued measure,
which assigns a positive-semidefinite operator M
(n)
j (act-
ing on 2n-dimensional Hilbert space) to each observed out-
come j ∈ {1, . . . , N}. Let p(j|i) be the probability of ob-
serving outcome j ∈ {0, 1, . . . , N} if the original message
is i, then by the quantum-mechanical rule
p(n)(j|i) = tr[̺(n)i M (n)j ]. (1)
Condition
∑N
j=1M
(n)
j = I guarantees
∑N
j=1 p
(n)(j|i) = 1.
The maximum error probability reads
perr(n,N) = max
j=1,...,N
(
1− p(n)(j|j)
)
. (2)
R is called an achievable rate of information transmission
if
lim
n→∞
perr(n, 2
nR) = 0. (3)
By classical capacity C(Φ) of quantum channel Φ we un-
derstand the supremum of achievable rates:
C(Φ) = sup
{
R : lim
n→∞
perr(n, 2
nR) = 0
}
. (4)
The Holevo–Schumacher–Westmoreland theorem [2, 3]
states that
C(Φ) = lim
n→∞
1
n
Cχ(Φ
⊗n), (5)
where the quantity Cχ(Φ) is expressed through all possible
ensembles of density operators {pk, ρk} and von Neumann
entropy S(ρ) = −tr(ρlog2ρ) via formula
Cχ(Φ) = sup
{pk,ρk}
[
S
(∑
k
pkΦ[ρk]
)
−
∑
k
pkS(Φ[ρk])
]
.
(6)
The quantity Cχ(Φ) is also known as χ-capacity and the
Holevo capacity of quantum channel Φ.
If in formula (1) one restricts to product input states
̺
(n)
i =
⊗n
k=1 ̺
(1)
k (i) and separable measurements M
(n)
j =∑
x: g(x)=j
⊗n
k=1M
(1)
xk with a classical data processing
g : x = (x1, . . . , xn) 7→ j, then one obtains a modified ca-
pacity C(1)(Φ). By construction C(1)(Φ) ≤ Cχ(Φ). There
exists a class of so-called pseudoclassical channels [13] for
which C(1)(Φ) = Cχ(Φ). Such a class includes all unital
qubit channels and some nonunital qubit channels too. A
complete characterization of pseudoclassical qubit chan-
nels is given in the paper [13]. In this paper, we consider
general nonunital qubit channels without restriction to the
class pseudoclassical ones.
Calculation of the χ-capacityCχ(Φ) is complicated even
for the case of a general qubit channel [14–18] and no
closed formula is known. Needless to say, the regular-
ized capacity C(Φ) is even more difficult to estimate due
to the fact that additivity hypothesis is not proved for
a general qubit channel. In this paper, we partially fill
the gap and find lower and upper bounds on the capacity
C(Φ) of qubit channels Φ. We also compare these bounds
with the known ones that can be computed with the help
of semidefinite programming [19, 20]. We demonstrate
that for some channels our upper bound outperforms the
previously known upper bounds.
II. RELATION BETWEEN UNITAL AND
NONUNITAL QUBIT CHANNELS
Let A and B be two operators acting on H2. By ΦA
we denote a completely positive map ΦA[X ] = AXA
†,
i.e. a map with a single Kraus operator A. Analogously,
ΦB[X ] = BXB
†. Hereafter, † denotes Hermitian conju-
gation.
Suppose that Φ is a qubit linear map, which belongs
to the interior of the cone of positivity preserving maps.
Such maps are also referred to as positivity improving
ones [21] because Φ[̺] > 0 for all ̺ ≥ 0, ̺ 6= 0. In terms of
the paper [22], inf{detΦ[X ] |X > 0, detX = 1} is strictly
positive and attained. Equivalently, Φ can be represented
as a nontrivial convex combination of some positive map
and the tracing map X 7→ tr[X ] 12I, see Ref. [23].
If Φ belongs to the interior of the cone of positivity
preserving maps, then by Proposition 2.32 in [24] there
exist positive definite operators A and B acting on H2
such that the map
Υ = ΦA ◦ Φ ◦ ΦB (7)
is trace preserving and unital. Unitality means that
Υ[I] = I, where I is the identity operator.
The relation (7) is a quantum analogue of Sinkhorn’s
theorem for square matrices with strictly positive ele-
ments [25]. The Sinkhorn theorem states that if X is an
2n×n matrix with strictly positive elements, then there ex-
ist diagonal matrices D1 and D2 with strictly positive di-
agonal elements such that Y = D1XD2 is doubly stochas-
tic. In quantum case, X is replaced by Φ, Y is replaced
by Υ, D1 and D2 are replaced by ΦA and ΦB, respec-
tively. This is the reason why (7) is sometimes referred
to as Sinkhorn’s normal form for positive maps [24]. His-
torically, the relation (7) was originally observed in [22],
rediscovered for positivity improving completely positive
maps Φ in [21], and finally clarified in [23, 24].
Suppose that in addition to being positivity improving
Φ is also completely positive and trace preserving, then
Υ is completely positive and trace preserving too. For
a given nonunital qubit channel Φ the particular form of
operators A and B is derived in Refs. [26, 27]. Since A
and B are nondegenerate, formula (7) implies that
Φ = ΦA−1 ◦Υ ◦ ΦB−1 , (8)
i.e. all non-boundary nonunital qubit channels Φ can be
decomposed into a concatenation of three completely pos-
itive maps ΦB−1 , Υ, ΦA−1 , with Υ being unital.
On the other hand, for any unital qubit channel Υ there
exist unitary operators V and W such that [28]
Υ = ΦW ◦ Λ ◦ ΦV , (9)
where the quantum channel Λ has so called diagonal form
in the basis of conventional Pauli operators I, σ1, σ2, σ3:
Λ[X ] =
1
2
tr[X ]I +
1
2
3∑
i=1
λitr[σiX ]σi. (10)
Parameters λ1, λ2, λ3 in (10) are real and satisfy the con-
straint 1± λ3 ≥ |λ1 ± λ2| as Λ is completely positive [28].
Clearly, classical capacities of channels Υ and Λ coin-
cide. Moreover, since the additivity hypothesis holds true
for unital qubit channels [29], the classical capacity equals
Holevo capacity and reads
C(Υ) = C(Λ) = Cχ(Λ) = 1− h
(
1
2
(
1− max
i=1,2,3
|λi|
))
,
(11)
where h(x) = −xlog2x− (1 − x)log2(1− x).
In what follows, we relate the classical capacity of
nonunital qubit channel Φ with the classical capacity of
unital qubit channel Υ, which is given by formula (11).
III. BOUNDS ON CLASSICAL CAPACITY OF
NONUNITAL QUBIT CHANNELS
Theorem 1. Theorem Suppose Φ is a qubit channel such
that the map Ψ = ΦA ◦ Φ ◦ ΦB is a channel (completely
positive and trace preserving). Then C(Φ) ≥ C(Ψ) −
2 log2(‖A‖‖B‖).
Proof. Let {̺(n)i ,M (n)i }Ni=1 be the optimal code of size
N = 2nRΨ for the composite channel Ψ⊗n such that
limn→∞ perr Ψ(n, 2
nRΨ) = 0.
Consider a set of modified input states
˜̺(n)i = B⊗n̺(n)i (B†)⊗n
tr[B⊗n̺
(n)
i (B
†)⊗n]
. (12)
and a modified positive operator-valued measure {j →
M˜
(n)
j }Nj=0 with elements
M˜
(n)
0 = I −
N∑
j=1
M˜
(n)
j , (13)
M˜
(n)
j =
(A†)⊗nM
(n)
j A
⊗n
‖A‖2n , j = 1, . . . , N, (14)
where ‖X‖ = ‖X‖∞ = maxψ:〈ψ|ψ〉=1〈ψ|
√
X†X|ψ〉 is the
operator norm. It is not hard to see that M˜
(n)
0 is positive
semidefinite.
Using the modified code, let each qubit be transmitted
through the channel Φ. Then the probability to observe
outcome j 6= 0 provided input message i equals
p˜(n)(j|i) = tr
[˜̺(n)i M˜ (n)j ]
=
tr
{
A⊗nΦ⊗n
[
B⊗n̺
(n)
i (B
†)⊗n
]
(A†)⊗nM
(n)
j
}
tr[B⊗n̺
(n)
i (B
†)⊗n]‖A‖2n
.(15)
Since ΦA ◦ Φ ◦ ΦB = Ψ, we get
p˜(n)(j|i) =
tr
{
Ψ⊗n[̺
(n)
i ]M
(n)
j
}
tr[B⊗n̺
(n)
i (B
†)⊗n]‖A‖2n
=
p(n)(j|i)
tr[B⊗n̺
(n)
i (B
†)⊗n]‖A‖2n
, (16)
where p(n)(j|i) is the probability to get outcome j ∈
{1, . . . , N} for the input message i ∈ {1, . . . , N} in the
original optimal protocol for channel Ψ⊗n.
Observation of the outcome j = 0 in the modified proto-
col would be treated as unsuccessful event, whereas obser-
vation of the outcome j ∈ {1, . . . , N} leads to a successful
identification of the message because p(n)(j|i) → δij if
n→∞.
The probability to observe nonzero outcome j equals
P (n) =
N∑
j=1
p˜(n)(j|i) = 1
tr[B⊗n̺
(n)
i (B
†)⊗n]‖A‖2n
≥ 1
(‖A‖‖B‖)2n . (17)
Utilizing the modified protocol, one can transmit infor-
mation only in the case of successful events j 6= 0, so the
average number of successfully transmitted messages N˜
equals
N˜ = P (n)N = P (n)2nRΨ ≥ 2n(RΨ−2 log2(‖A‖‖B‖)). (18)
Therefore, the considered protocol enables one to
achieve the rate
R˜ ≥ RΨ − 2 log2(‖A‖‖B‖) (19)
by utilizing the channel Φ.
If RΨ ≤ C(Ψ) and one observes the successful event
(j 6= 0), than the maximum error probability in the mod-
ified protocol
p˜err(n, N˜) = max
j=1,...,N
(
1− p˜
(n)(j|j)
P (n)
)
= max
j=1,...,N
(
1− p(n)(j|j)
)
→ 0 if n→∞. (20)
3Taking supremum on both sides of Eq. (19) with re-
quirement limn→∞ p˜err(n, N˜) = 0, we get
C(Φ) ≥ C(Ψ)− 2 log2(‖A‖‖B‖). (21)
Theorem 1 can be applied to two equalities relating
nonunital and unital qubit channels: Υ = ΦA ◦ Φ ◦ ΦB
and Φ = ΦA−1 ◦ Υ ◦ ΦB−1 . As a result, we immediately
get upper and lower bounds on capacity C(Φ).
Proposition 1. Proposition Let Φ be a unital qubit chan-
nel belonging to the interior of positive qubit maps, then
there exist positive definite operators A and B acting on
H2 such that the map Υ = ΦA ◦ Φ ◦ ΦB is unital and
−2 log2(‖A‖‖B‖) ≤ C(Φ)−C(Υ) ≤ 2 log2(‖A−1‖‖B−1‖).
(22)
Proof. The statement straightforwardly follows from
the decomposition existence [24] and Theorem 1.
To illustrate the obtained results, we consider the fol-
lowing example dealing with 4-parameter nonunital qubit
channels.
Example 1. Example Consider a nonunital qubit channel
of the form
Φ[X ] =
1
2
tr[X ](I + t3σ3) + 3∑
j=1
λjtr[σj̺]σj
 , (23)
where t3 and λ1, λ2, λ3 are real parameters , which in addi-
tion to the condition of complete positivity also satisfy the
inequality |t3|+|λ3| < 1. It guarantees that Φ is an interior
point of the cone of positive qubit maps. Ref. [27] provides
the explicit form of decomposition Φ = ΦA−1 ◦Υ ◦ ΦB−1 .
We further simplify it and obtain
A = diag
(
4
√
(1− t3)2 − λ23 , 4
√
(1 + t3)2 − λ23
)
, (24)
B =
√
2
(
4−
(
4
√
(1−t3)2−λ23− 4
√
(1+t3)2−λ23
)2)−1/2
4
√
(1− t3)2 − λ23 4
√
(1 + t3)2 − λ23
×diag(
√
b1,
√
b2), (25)
b1=(1+t3−λ3) 4
√
(1−t3)2−λ23+(1−t3+λ3) 4
√
(1+t3)2−λ23,
b2=(1+t3+λ3)
4
√
(1−t3)2−λ23+(1−t3−λ3) 4
√
(1+t3)2−λ23.
The unital qubit map Υ = Λ˜ has the form (10) with pa-
rameters
λ˜1 =
2λ1√
(1 + λ3)2 − t23 +
√
(1− λ3)2 − t23
, (26)
λ˜2 =
2λ2√
(1 + λ3)2 − t23 +
√
(1− λ3)2 − t23
, (27)
λ˜3 =
4λ3(√
(1 + λ3)2 − t23 +
√
(1 − λ3)2 − t23
)2 . (28)
Since both A and B are diagonal, the norms ‖A‖ =
max(A11, A22), ‖B‖ = max(B11, B22), ‖A−1‖ =
1/min(A11, A22), and ‖B−1‖ = 1/min(B11, B22). Sub-
stituting these norms in Proposition 1, we find lower and
upper bounds on capacity C(Φ). Namely,
C(Φ) ≥ 1−h
(
1
2
(
1− max
i=1,2,3
|λ˜i|
))
−2 log2(‖A‖‖B‖), (29)
C(Φ) ≤ 1−h
(
1
2
(
1− max
i=1,2,3
|λ˜i|
))
+2 log2(‖A−1‖‖B−1‖),
(30)
where λ˜i, i = 1, 2, 3 are given by formulas (26)–(28).
Example 2. Example Let us consider a class of general-
ized amplitude damping (GAD) qubit channels as a par-
tial case of Example 1. The GAD channel describes the
process of qubit dynamics when it exchanges excitations
with the thermal environment at finite temperature [30].
In this case, parameters of the channel (23) depend on
time t ≥ 0 as follows:
λ1 = λ2 = e
−γt, λ3 = e
−2γt, t3 = (2p− 1)(1− e−2γt),
(31)
where γ is the energy dissipation rate and diag(p, 1−p) is
the equilibrium density operator (0 ≤ p ≤ 12 is the popu-
lation of the excited state in thermal equilibrium with the
environment). The direct calculation yields
λ˜1 = λ˜2 =
e−γt
f(p, γt)
, λ˜3 = λ˜
2
1 = λ˜
2
2, (32)
‖A‖‖B‖ = 4
√
1− p
p
1√
f(p, γt)
, (33)
‖A−1‖‖B−1‖ = 4
√
1− p
p
√
f(p, γt), (34)
f(p, γt) =
√
p(1− p)(1− e−2γt)
+
√
1− p+ pe−2γt
√
p+ (1− p)e−2γt. (35)
Substituting (32)–(34) in (29)–(30), we get the following
lower and upper bounds:
C(ΦGAD) ≥ C↓GAD = 1− h
(
1
2
(
1− e
−γt
f(p, γt)
))
+ log2 f(p, γt)−
1
2
log2
1− p
p
, (36)
C(ΦGAD) ≤ C↑GAD = 1− h
(
1
2
(
1− e
−γt
f(p, γt)
))
+ log2 f(p, γt) +
1
2
log2
1− p
p
. (37)
Figure 1 illustrates these bounds as well as the χ-
capacity of the GAD channel. The latter one can be
found numerically since the structure of optimal ensem-
ble in formula (6) is known [31, 32]. Note that the
GAD channel is not pseudoclassical as it does not sat-
isfy the necessary and sufficient condition of pseudoclas-
sicality (Theorem 23 in [13]) if p ∈ (0, 12 ), therefore,
C(1)(ΦGAD) < Cχ(ΦGAD) ≤ C(ΦGAD) ≤ C↑GAD.
If p → 0, then the bounds (36) and (37) become triv-
ial. This is due to the fact that the GAD channel with
p = 0 is a conventional amplitude damping channel which
does not belong to the interior of the cone of positive
maps. Therefore, the products ‖A‖‖B‖ and ‖A−1‖‖B−1‖
diverge if p→ 0.
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FIG. 1: Bounds on capacity C(ΦGAD) of the GAD channel
with p = 0.475 versus dimensionless time γt. Lower bound
Cχ(ΦGAD) is plotted in dotted line. The derived bounds C
↓
GAD
and C↑
GAD
are given by lower and upper solid lines, respec-
tively.
Example 3. Example Following Ref. [20], we consider a
one-parameter qubit channel of the form
Φmix = pAp + (1− p)Dp, (38)
where 0 ≤ p ≤ 1, Ap[X ] = K1XK†1 + K2XK†2 is the
qubit amplitude damping channel with Kraus operators
K1 = |0〉〈0| +
√
1− p|1〉〈1| and K2 = √p|0〉〈1|, Dp is
the qubit depolarizing channel given by formula Dp[X ] =
(1 − p)X + p3 (σxXσx + σyXσy + σzXσz).
Φmix is a partial case of the 4-parameter channel dis-
cussed in Example 1:
λ1 = λ2 = p
√
1− p+ (1 − p)
(
1− 4p
3
)
, (39)
λ3 = (1− p)
(
1− p
3
)
, (40)
t3 = p
2. (41)
Substituting these values in equations (24)–(28), we
readily obtain the lower and upper bounds, C↓mix and
C↑mix, defined by formulas (29) and (30), respectively.
We depict these bounds in Figure 2 and compare them
with the previously known lower and upper bounds for
C(Φmix). One can see that our lower bound is not as
precise as the χ-capacity of Φmix. Nevertheless, our up-
per bound C↑mix is tighter than the bound in Ref. [19]
if p < 0.33 and tighter than the bound in Ref. [20] if
p > 0.29. Therefore, for 0.29 < p < 0.33 our upper bound
outperforms the previously known upper bounds.
IV. CONCLUSIONS
We have obtained new lower and upper bounds on clas-
sical capacities of nonunital qubit channels. The obtained
result holds true for the regularized version of Holevo ca-
pacity, formula (5). Since the optimal coding procedure
is known for unital qubit channels [29] and relies on the
use of factorized states, our approach is able to provide
the factorized coding (formula (12)), with which one can
achieve the transmission rate corresponding to the lower
bound on capacity.
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FIG. 2: Bounds on capacity C(Φmix) of the mixture channel
(38) versus dimensionless parameter p. Lower bound Cχ(Φmix)
is plotted in dotted line. The derived bounds (29) and (30) are
depicted as lower and upper solid lines, respectively. The upper
bound from Ref. [19] is plotted in dash-dotted line, the upper
bound from Ref. [20] is plotted in dashed line.
We illustrate our findings by considering a 4-parameter
family of qubit channels comprising the set of generalized
amplitude damping channels. For some mixtures of ampli-
tude damping and depolarizing qubit channels the derived
upper bound (30) outperforms the previously known up-
per bounds of Refs. [19, 20]. We believe that the derived
bounds are particularly useful for such channels Φ that
slightly deviate from unital qubit channels.
Our proofs are based on the seminal relation between
unital and nonunital qubit channels, which was developed
in Ref. [24]. Such a relation has already been used in
the study of entanglement annihilation [27] and may turn
out to be productive in other research areas as well, for
instance, in the study of absolutely separating quantum
channels [33], divisibility of qubit dynamical maps [34–
38] and their tensor products [39]. The most promising
application of the decomposition Υ = ΦA◦Φ◦ΦB is in the
study of quantum capacities Q of quantum channels [40,
41]. Despite the fact that both ΦA and ΦB are completely
positive, one cannot immediately conclude that Q(Υ) is
less or equal to Q(Φ), neither the inverse statement is
justified. The reason is that the maps ΦA and ΦB are not
trace preserving. Moreover, at least one of the maps ΦA
and ΦB is not trace decreasing too. The study of these
peculiarities in relation with quantum capacity and other
types of capacities is an interesting direction for future
research.
Acknowledgments
The study is supported by the Russian Foundation for
Basic Research under Project No. 16-37-60070 mol-a-dk.
The author is grateful to Mark Wilde and Felix Leditzky
for useful comments. The author thanks anonymous ref-
erees for helpful suggestions to improve the quality of the
paper.
5[1] A. S. Holevo: Problems in the mathematical theory of
quantum communication channels, Rep. Math. Phys. 12,
273–278 (1977).
[2] A. S. Holevo: The capacity of quantum channel with gen-
eral signal states, IEEE Trans. Inf. Theory 44, 269–273
(1998).
[3] B. Schumacher and M. D. Westmoreland: Sending clas-
sical information via noisy quantum channels, Phys. Rev.
A 56, 131–138 (1997).
[4] A. S. Holevo: Quantum coding theorems, Russ. Math.
Surveys 53, 1295–1331 (1998).
[5] C. King and M. B. Ruskai: Minimal entropy of states
emerging from noisy quantum channels, IEEE Trans. Inf.
Theory , 47, 192–209 (2001).
[6] A. S. Holevo and R. F. Werner: Evaluating capacities
of bosonic Gaussian channels, Phys. Rev. A 63, 032312
(2001).
[7] A. S. Holevo and M. E. Shirokov: Continuous ensembles
and the capacity of infinite-dimensional quantum chan-
nels, Theory Probab. Appl. 50, 86–98 (2006).
[8] M. E. Shirokov: The Holevo Capacity of Infinite Di-
mensional Channels and the Additivity Problem, Comm.
Math. Phys. 262, 137–159 (2006).
[9] A. S. Holevo and V. Giovannetti: Quantum channels and
their entropic characteristics, Rep. Prog. Phys. 75, 046001
(2012).
[10] A. S. Holevo: Quantum Systems, Channels, Information,
section 8, Walter de Gruyter, Berlin 2012.
[11] M. M. Wilde: Quantum Information Theory, section 19,
Cambridge University Press, Cambridge 2013.
[12] L. Gyongyosi, S. Imre and H. V. Nguyen: A
Survey on Quantum Channel Capacities, IEEE
Communications Surveys & Tutorials 99, 1, doi:
10.1109/COMST.2017.2786748 (2018).
[13] A. Fujiwara and H. Nagaoka: Operational capacity and
pseudoclassicality of a quantum channel, IEEE Trans. Inf.
Theory 44, 1071–1086 (1998).
[14] H. Nagaoka: Algorithms of Arimoto-Blahut type for com-
puting quantum channel capacity, Proceedings of 1998
IEEE International Symposium on Information Theory,
p. 354, doi: 10.1109/ISIT.1998.708959 (1998).
[15] C. King, M. Nathanson and M. B. Ruskai: Qubit Chan-
nels Can Require More Than Two Inputs to Achieve Ca-
pacity, Phys. Rev. Lett. 88, 057901 (2002).
[16] M. Hayashi, H. Imai, K. Matsumoto, M. B. Ruskai and
T. Shimono: Qubit channels which require four inputs to
achieve capacity: implications for additivity conjectures,
Quantum Information & Computation 5, 13–31 (2005).
[17] D. Daems: Transitions in the Communication Capacity of
Dissipative Qubit Channels, Phys. Rev. Lett. 102, 180503
(2009).
[18] D. Sutter, T. Sutter, P. M. Esfahani and R. Renner: Ef-
ficient Approximation of Quantum Channel Capacities,
IEEE Trans. Inf. Theory 62, 578–598 (2016).
[19] X. Wang, W. Xie and R. Duan: Semidefinite Program-
ming Strong Converse Bounds for Classical Capacity,
IEEE Trans. Inf. Theory 64, 640–653 (2018).
[20] F. Leditzky, E. Kaur, N. Datta and M. M. Wilde: Ap-
proaches for approximate additivity of the Holevo infor-
mation of quantum channels, Phys. Rev. A 97, 012332
(2018).
[21] T. T. Georgiou and M. Pavon: Positive contraction map-
pings for classical and quantum Schrödinger systems, J.
Math. Phys. 56, 033301 (2015).
[22] L. Gurvits: Classical complexity and quantum entangle-
ment, J. Comput. Syst. Sci. 69, 448–484 (2004).
[23] G. Aubrun and S. J. Szarek: Two proofs of Størmer’s
theorem, arXiv:1512.03293 [math.FA] (2015).
[24] G. Aubrun and S. J. Szarek: Alice and Bob Meet Ba-
nach: The Interface of Asympototic Geometry Analysis
and Quantum Information Theory , section 2.4.3, Ameri-
can Mathematical Society 2017.
[25] R. Sinkhorn: A relationship between arbitrary positive
matrices and doubly stochastic matrices, Ann. Math.
Statist. 35, 876–879 (1964).
[26] S. N. Filippov and K. Y. Magadov: Positive tensor prod-
ucts of maps and n-tensor-stable positive qubit maps, J.
Phys. A: Math. Theor. 50, 055301 (2017).
[27] S. N. Filippov, V. V. Frizen and D. V. Kolobova: Ulti-
mate entanglement robustness of two-qubit states against
general local noises. Phys. Rev. A 97, 012322 (2018).
[28] M. B. Ruskai, S. Szarek and E. Werner: An analysis of
completely-positive trace-preserving maps on M2, Linear
Algebra Appl. 347, 159–187 (2002).
[29] C. King: Additivity for unital qubit channels, J. Math.
Phys. 43, 4641 (2002).
[30] M. A. Nielsen and I. L. Chuang: Quantum Computation
and Quantum Information, section 8.3.5, Cambridge Uni-
versity Press, Cambridge 2000.
[31] D. W. Berry: Qubit channels that achieve capacity with
two states, Phys. Rev. A 71, 032334 (2005).
[32] H. Li-Zhen and F. Mao-Fa: The Holevo capacity of a gen-
eralized amplitude-damping channel, Chinese Phys. 16
1843–1847 (2007).
[33] S. N. Filippov, K. Y. Magadov and M. A. Jivulescu: Ab-
solutely separating quantum maps and channels, New J.
Phys. 19, 083010 (2017).
[34] M. M. Wolf, J. Eisert, T. S. Cubitt and J. I. Cirac: Assess-
ing non-Markovian quantum dynamics, Phys. Rev. Lett.
101, 150402 (2008).
[35] Á. Rivas, S. F. Huelga and M. B. Plenio: Entanglement
and non-Markovianity of quantum evolutions, Phys. Rev.
Lett. 105, 050403 (2010).
[36] M. J. W. Hall, J. D. Cresser, L. Li and E. Andersson:
Canonical form of master equations and characterization
of non-Markovianity, Phys. Rev. A 89, 042120 (2014).
[37] D. Chruściński and F. A. Wudarski: Non-Markovianity
degree for random unitary evolution, Phys. Rev. A 91,
012104 (2015).
[38] S. N. Filippov, J. Piilo, S. Maniscalco and M. Ziman: Di-
visibility of quantum dynamical maps and collision mod-
els, Phys. Rev. A 96, 032111 (2017).
[39] F. Benatti, D. Chruściński and S. Filippov: Tensor power
of dynamical maps and positive versus completely positive
divisibility, Phys. Rev. A 95, 012112 (2017).
[40] S. Lloyd: Capacity of the noisy quantum channel, Phys.
Rev. A 55, 1613–1622 (1997).
[41] I. Devetak: The private classical capacity and quantum
capacity of a quantum channel, IEEE Trans. Inf. Theory
51, 44–55 (2005).
